The nonlinear tuned vibration absorber (NLTVA) is a recently-developed nonlinear absorber which generalizes Den Hartog's equal peak method to nonlinear systems. If the purposeful introduction of nonlinearity can enhance system performance, it can also give rise to adverse dynamical phenomena, including detached resonance curves and quasiperiodic regimes of motion. Through the combination of numerical continuation of periodic solutions, bifurcation detection and tracking, and global analysis, the present study identifies boundaries in the NLTVA parameter space delimiting safe, unsafe and unacceptable operations. The sensitivity of these boundaries to uncertainty in the NLTVA parameters is also investigated.
Introduction
A recent trend in the technical literature is to exploit nonlinear dynamical phenomena instead of avoiding them, as is the common practice. For instance, reference [1] demonstrates a new mechanism for tunable rectification that uses bifurcations and chaos. In [2] , a new strategy for engineering low-frequency noise oscillators is developed through the coupling of modes in internal resonance conditions. A cascade of parametric resonances is proposed by Strachan et al. as a basis for the development of passive frequency dividers [3] .
Nonlinearity is also more and more utilized for vibration absorption [4, 5, 6, 7] and energy harvesting [8, 9, 10, 11] . For instance, a nonlinear energy sink (NES), i.e., an absorber with essential nonlinearity [12] , can extract energy from virtually any mode of a host structure [13] . The NES can also carry out targeted energy transfer, which is an irreversible channeling of vibrational energy from the host structure to the absorber [14] . This absorber was applied for various purposes including seismic mitigation [15] , aeroelastic instability suppression [16, 17] , acoustic mitigation [18] and chatter suppression [19] . Another recently-developed absorber is the nonlinear tuned vibration absorber (NLTVA) [20] . A unique feature of this device is that it can enforce equal peaks in the frequency response of the coupled system for a large range of motion amplitudes thereby generalizing Den Hartog's equal peak method to nonlinear systems. The NLTVA is therefore particularly suitable for mitigating the vibrations of a nonlinear resonance of a mechanical system. It was also found to be effective for the suppression of limit cycle oscillations [21] .
These contributions demonstrate that the purposeful introduction of nonlinearity can enhance system performance. However, nonlinearity can also give rise to complicated dynamical phenomena, which linear systems cannot. If quasiperiodic regimes of motion can be favorable for vibration absorption with essential nonlinearity [22] , they were found to be detrimental for a nonlinear absorber possessing both linear and nonlinear springs [23] . This highlights that no general conclusion can be drawn regarding the influence of quasiperiodic attractors. Detached resonance curves (DRCs), also termed isolas, are generated by the multivaluedness of nonlinear responses and may limit the practical applicability of nonlinear absorbers [24, 25] . An important difficulty with DRCs is that they can easily be missed, because they are detached from the main resonance branch [5, 26] . Finally, we note that DRCs were found in other applications involving nonlinearities, such as shimmying wheels [27] and structures with cyclic symmetry [28] , showing the generic character of DRCs.
In view of the potentially adverse effects of the aforementioned nonlinear attractors, the main objective of the present paper is to identify boundaries in the NLTVA parameter space delimiting safe, unsafe and unacceptable operations. The sensitivity of these boundaries to uncertainty in the NLTVA parameters is also investigated. To this end, rigorous nonlinear analysis methods, i.e., numerical continuation of periodic solutions, bifurcation detection and tracking, and global analysis, are utilized. Although these methods are well-established, their combination in a single study has not often been reported in the vibration mitigation literature. ?
Figure 1: Schematic representation of an NLTVA attached to a Duffing oscillator.
The paper is organized as follows. Section 2 briefly reviews the salient features of the NLTVA. Specifically, this section demonstrates that equal peaks in the frequency response of the coupled system can be maintained in nonlinear regimes of motion. Section 3 reveals that systems featuring a NLTVA can exhibit DRCs and quasiperiodic regimes of motion. Based on the existence and location of these attractors, regions of safe, unsafe and unacceptable NLTVA operations are defined. Section 4 studies the sensitivity of attenuation performance and of the three regions of NLTVA operation to variations of the different absorber parameters. The conclusions of the present study are summarized in Section 5.
Performance of the nonlinear tuned vibration absorber
The NLTVA targets the mitigation of a nonlinear resonance in an as large as possible range of forcing amplitudes. An unconventional feature of this absorber is that the mathematical form of its nonlinear restoring force is not imposed a priori, as it is the case for most existing nonlinear absorbers. Instead, we fully exploit the additional design parameter offered by nonlinear devices, and, hence, we synthesize the absorber's load-deflection curve according to the nonlinear restoring force of the primary structure.
The dynamics of a Duffing oscillator with an attached NLTVA, as depicted in Figure 1 , is considered throughout this study:
where x 1 (t) and x 2 (t) are the displacements of the harmonically-forced primary system and of the NLTVA, respectively. The NLTVA is assumed to have a generic smooth restoring force g (x 1 − x 2 ) with g(0) = 0. In order to avoid important sensitivity of absorber performance to forcing amplitude, it was shown in reference [20] that the function g(x 1 − x 2 ) should be chosen such that the NLTVA is a 'mirror' of the primary system. More precisely, besides a linear spring, the NLTVA should possess a nonlinear spring of the same mathematical form as that of the nonlinear spring of the primary system. For instance, if the nonlinearity in the primary system is quadratic or cubic, the NLTVA should possess a quadratic or a cubic spring, respectively. To mitigate the vibrations of the Duffing oscillator, a NLTVA with linear and cubic stiffnesses is therefore considered, i.e., g(
, and the governing equations of motion becomes
In view of the effectiveness of the equal-peak method [30, 31] for the design of linear tuned vibration absorbers (LTVA) attached to linear host structures, an attempt to generalize this tuning rule to nonlinear absorbers attached to nonlinear host structures was made in reference [20] . The first step was to impose equal peaks in the receptance function of the underlying linear system using the formulas proposed by Asami et al. [29] :
where ǫ = m 2 /m 1 is the mass ratio, chosen according to practical constraints. We note that these formulas are exact for an undamped primary system, unlike those proposed previously by Den Hartog [30] and Brock [31] . The second step was to determine the nonlinear coefficient k nl2 that can maintain two resonance peaks of equal amplitude in nonlinear regimes of motion. A very interesting result of [20] is that the nonlinear coefficient that realizes equal peaks for various forcing amplitudes is almost constant and can be accurately calculated using the analytical expression:
Overall, Equations (3) and (4) represent a new tuning rule for nonlinear vibration absorbers that may be viewed as a nonlinear generalization of Den Hartog's equal-peak method.
A comparison of the performance of a LTVA and of a NLTVA attached to a Duffing oscillator is performed for the parameters listed in Table 1 . Figure 2 represents the amplitude of the resonance peaks for increasing forcing amplitudes. The first observation is that the NLTVA performance (in terms of H ∞ optimization) is always superior to that of the LTVA. For the LTVA, the two resonance peaks start to have different amplitudes from F = 0.03 N, showing the detuning of this absorber in nonlinear regimes of motion. Conversely, for the NLTVA, the amplitudes of the two resonance peaks remain almost identical until F = 0.18 N, providing the numerical evidence of the effectiveness of the design proposed in Equations (3) and (4) . However, between F = 0.12 N and 0.18 N, the two main resonance peaks co-exist with two additional resonance peaks that will be shown to correspond to a DRC. 
Robustness of the nonlinear tuned vibration absorber
Considering the multivaluedness of the NLTVA response in Figure 2 , this section aims at uncovering the dynamical attractors that a Duffing oscillator featuring a NLTVA may exhibit. The methodology in this study combines numerical continuation of periodic solutions, bifurcation detection and tracking, and global analysis.
Numerical continuation of periodic solutions and detection of bifurcations
The frequency response of system (2) for the parameters listed in Table 1 was computed using the algorithm proposed in reference [32] . Codimension-1 numerical continuation Table 1 : Parameters of the Duffing oscillator and attached LTVA and NLTVA (ǫ = 0.05).
5 was carried out using the multi-harmonic balance method, which approximates periodic solutions using Fourier series. Stability analysis was achieved using Hill's method, and fold and Neimark-Sacker (NS) bifurcations were detected using appropriate test functions. Convergence of the results was obtained when the first 5 harmonics were retained.
For F = 0.005 N in Figure 3(a) , neither of the nonlinearities are activated, and the classical linear result is retrieved [30] . For F = 0.09 N in Figure 3(b) , the resonance peaks bend forward as a result of the hardening nature of the cubic springs, and the resonance frequencies increase. Notwithstanding this nonlinear behavior, resonance peaks of equal amplitude are obtained thanks to the NLTVA.
Slightly increasing forcing amplitude triggers the appearance of two different bifurcations. For F = 0.098 N, a pair of fold bifurcations modifies the stability along the frequency response in Figure 3 (c). For F = 0.11 N in Figure 3 (d), a pair of NS bifurcations changes stability as well, but it also generates a stable branch of quasiperiodic solutions that was computed using direct time integrations. Since approximately equal peaks are maintained in Figures 3(c-d) and since quasiperiodic oscillations have amplitudes comparable to those of the resonance peaks, the NLTVA can still be considered as effective.
For F = 0.15 N, a pair of fold bifurcations creates a DRC between 1.57 and 2.32 rad/s in Figure 3 (e). This DRC is associated with large amplitudes of motion, but it remains far enough from the desired operating frequency range of the NLTVA. In addition, the left portion of the DRC between 1.57 and 1.73 rad/s is unstable, and, hence, not physically realizable. The DRC also possesses a pair of NS bifurcations, but no stable branch of quasiperiodic oscillations could be found.
For larger forcing amplitudes, the DRC expands and eventually merges with the second resonance peak for F = 0.19 N, as depicted in Figure 3 (f). This merging eliminates the fold bifurcation characterizing the second resonance peak and the fold bifurcation on the left of the DRC, and causes a very substantial increase in the amplitude of the second resonance.
Bifurcation tracking
Since the creation of the quasiperiodic solutions and of the DRC occurs through NS and fold bifurcations, respectively, these bifurcations were tracked in the three-dimensional space (x 1 , ω, F ) using the multi-harmonic balance method [32] . To facilitate the interpretation of the results, the bifurcation loci were projected onto the two-dimensional plane (x 1 , F ). Figure 4 represents the loci of the fold bifurcations of Figure 3 . Branch A is related to the bifurcations in the neighbourhood of the first resonance peak, whereas branch B corresponds to the bifurcations in the vicinity of the second resonance peak. Because the DRC merges with this latter peak, branch B indicates the creation and elimination of the DRC, represented with diamond and square markers, respectively. It can therefore be concluded that the DRC appears around 0.12 N and merges with the main branch around 
Global analysis of the adverse dynamics
The previous two sections have highlighted the different dynamical attractors of the coupled system (2) together with their locations in the (F, ω) plane. Since the stable quasiperiodic solutions between the two resonances are associated with acceptable amplitudes, they are not considered as a great concern. However, we should stress that NS bifurcations can trigger torus breakdown and phase locking with large-amplitude attractors [33] . Despite detailed numerical simulations and co-dimension 2 bifurcation analysis in MatCont [34] , no evidence of such behaviors could be observed.
The large-amplitude DRC is more problematic. The likelihood of converging to the safe, low-amplitude periodic solution in the region where the DRC exists should therefore be determined. Given a forcing amplitude and frequency, direct time integrations for a large set of random initial states provided the basins of attraction, similarly to what was achieved in [35] for a coupled linear oscillator and nonlinear absorber system. To limit the scope of the discussion, the NLTVA was considered at rest, as it would be the case, e.g., during an earthquake, but other configurations were also tested.
For F = 0.15 N, Figure 6 (a) illustrates that the bistable region lies after the second NS bifurcation on the DRC, i.e., in the frequency interval [1.73 − 2.32] rad/s. The basins of attraction of the DRC in this interval are found to be very small compared to those of the main branch, as shown in Figures 6(c-f) . This finding is confirmed in Figure 7 where the ratio between the areas of the basins of attraction of the DRC and of the low-amplitude periodic solution does not exceed 6% for the considered range of initial conditions. The basins of attraction of the DRC are also located at a considerable distance from the origin, meaning that high-energy initial conditions have to be imparted to the system to excite the DRC. Finally, we also verified that the basins of attraction of the DRC remain small for other forcing amplitudes and that the low-amplitude solution is the only stable solution in the interval [1.57 − 1.73] rad/s, as confirmed in Figure 6 (a).
Safe, unsafe and unacceptable NLTVA operations
Three distinct regions, schematized in Figure 8 and characterized based on branch B of fold bifurcations in Figure 4 , are defined for the operation of the NLTVA:
1. In the first region, the only branch of periodic solutions is the main branch. Quasiperiodic solutions exist, but they barely degrade NLTVA performance. It is therefore safe to operate the NLTVA in this region. Basins of attraction for ω = 1.67 rad/s; ω = 1.8 rad/s; ω = 2 rad/s; ω = 2.2 rad/s, and ω = 2.3 rad/s, respectively. White and black dots denote the coexisting periodic solutions on the main frequency response and on the DRC, respectively. 
The second region presents a large-amplitude DRC. Even if this DRC appears out-
side the operating frequency range of the NLTVA and if its basins of attraction are small, it is unsafe to operate the NLTVA in this region.
3. In the third region, the DRC has merged with the main branch, resulting in a resonance peak of very high amplitude. Even if part of the branch may be unstable due to NS bifurcations, it is unacceptable to operate the NLTVA in this region.
4 Sensitivity analysis of the nonlinear tuned vibration absorber
Attenuation performance in the safe region
The effects of variations of the damping and nonlinear stiffness coefficients on performance in the safe region are now studied. Variations of the linear stiffness are not considered herein, because very accurate values of the optimal frequency ratio can easily be obtained through small adjustments of the mass ratio (by, e.g., adding small masses on the NLTVA once it is built). Figure 9 represents the effects of individual perturbations of ±15% of c 2 and k nl2 on the amplitude of the resonance peaks in the safe region, i.e., until F = 0.12 N. We note that these variations are realistic in view of what was achieved with an experimental NLTVA prototype [36] . The NLTVA performance is not significantly degraded and remains largely superior to that of the unperturbed LTVA, clearly highlighting the robustness of NLTVA performance in the safe region. For illustration, Figure 10 depicts the corresponding frequency responses at F = 0.11 N.
Boundaries in NLTVA parameter space
System (2) is rewritten in dimensionless form. Defining the dimensionless time τ = ω n1 t, where ω n1 = k 1 /m 1 , applying the transformation r(t) = x 1 (t) − x 2 (t), and normalizing the system (1) using q 1 = x 1 /f and q 2 = r/f (with f = F/k 1 ) yields
where prime denotes differentiation with respect to τ , 2µ for F = 0.11 N. The solid line represents the optimal value, the dashed and dotted lines correspond to variations of -15% and 15% with respect to the optimal value, respectively.
Using these dimensionless notations, Equations (3-4) can be recast into
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The forcing amplitude F now only appears in the equations through the parameter α 3 . For instance, for the values in Table 1 and for F = 0.11 N, α 3 is equal to 0.009075.
The influence of parameters ǫ, µ 2 and β 3 on the boundaries of the different regions of NLTVA operation is now examined. Figure 11(a) demonstrates the beneficial influence of larger mass ratios. Not only they correspond to resonance peaks of smaller amplitudes (assuming that fold bifurcations occur in the vicinity of the resonance peaks), but they also postpone both the appearance and the merging of the DRC to greater values of α 3 . The corresponding boundaries in Figure 11 (b) illustrate the clear enlargement of the safe region for greater mass ratios. An interesting observation is that, for ǫ < 4%, there are no longer quasiperiodic solutions in the safe region.
Figure 11(c) shows that increasing the damping ratio can translate into a fold bifurcation branch that possesses no folding, meaning that the DRC can be completely eliminated. Specifically, Figure 11 (d) confirms that the unsafe and unacceptable regions disappear for
. Such a detuning of the damping coefficient seems interesting, but it is associated with an important decrease in performance in the safe region. Figure 11 (e) illustrates that the nonlinear stiffness coefficient β 3 has a strong influence on the merging of the DRC. Indeed, as plotted in Figure 10(b) , greater values of β 3 reduce the amplitude of the second peak, hence, postponing its merging with the DRC. Increasing β 3 is also beneficial for delaying the appearance of the DRC and enlarging the safe region, as shown in Figure 11 (f). On the other hand, Figure 10 (b) evidences that a greater β 3 increases the amplitude of the first resonant peak, which, in turn, decreases the NLTVA performance.
Conclusion
In view of the potentially adverse dynamical attractors nonlinear systems can exhibit, the objective of the paper was to identify, and possibly enlarge, the safe region of operation of a recently-developed nonlinear absorber, the NLTVA. This was achieved thanks to the combination of several methods of nonlinear dynamics, namely the numerical continuation of periodic solutions, bifurcation detection and tracking, and global analysis. Specifically, bifurcation tracking proved very useful for determining precisely the creation and elimination of DRCs, which can easily be missed otherwise. It turns out that the best strategy to enlarge the safe region while maintaining excellent NLTVA performance is to increase the mass ratio. If it cannot be further increased because of practical considerations, an alternative is to increase either damping or the nonlinear coefficient of the absorber. (q 1 , α 3 ) plane. The diamond and square markers indicate the appearance and merging of the DRCs, respectively. Second column: boundaries of the safe, unsafe and unacceptable regions. The curves with diamonds, squares and stars represent the boundaries between safe and unsafe regions, unsafe and unacceptable regions, and the onset of quasiperiodic motion, respectively.
